Topological materials which possess topologically protected surface states have attracted much attention in recent years. In this work, we study the critical current of superconductor/inversion symmetry breaking topological material/superconductor junctions. We found surprisingly that, in topological materials with broken inversion symmetry, the magnitude of the critical Josephson currents |I Introduction.-Over the past decade, there has been an intense interest in the study of topological materials such as topological insulators which possess surface states [1, 2] . The surface states are protected by the bulk insulating gap and time-reversal symmetry. In more recent years, it was shown that protected surface states can exist even in gapless systems such as Weyl semimetals when inversion symmetry breaking splits a Dirac point into two Weyl points with opposite chirality [3] [4] [5] [6] . The projections of the Weyl points on the surface Brillouin zones are connected by Fermi arcs which result in conducting surface states on the surface of the Weyl semimetal. Surface Fermi arcs have been observed experimentally through angle resolved photoemission spectroscopy (ARPES) experiments [7, 8] . However, the transport studies of Weyl semimetals have been mostly focused on chiral anomaly [9] [10] [11] [12] and other bulk properties of Weyl semimetals [13] [14] [15] [16] [17] . On the other hand, electronic transport signatures of Fermi arc states of Weyl semimetals have not been well explored theoretically and experimentally [18] [19] [20] [21] . We shall investigate the direct transport signature of inversion symmetry breaking in these topological materials.
Topological materials which possess topologically protected surface states have attracted much attention in recent years. In this work, we study the critical current of superconductor/inversion symmetry breaking topological material/superconductor junctions. We found surprisingly that, in topological materials with broken inversion symmetry, the magnitude of the critical Josephson currents |I Introduction.-Over the past decade, there has been an intense interest in the study of topological materials such as topological insulators which possess surface states [1, 2] . The surface states are protected by the bulk insulating gap and time-reversal symmetry. In more recent years, it was shown that protected surface states can exist even in gapless systems such as Weyl semimetals when inversion symmetry breaking splits a Dirac point into two Weyl points with opposite chirality [3] [4] [5] [6] . The projections of the Weyl points on the surface Brillouin zones are connected by Fermi arcs which result in conducting surface states on the surface of the Weyl semimetal. Surface Fermi arcs have been observed experimentally through angle resolved photoemission spectroscopy (ARPES) experiments [7, 8] . However, the transport studies of Weyl semimetals have been mostly focused on chiral anomaly [9] [10] [11] [12] and other bulk properties of Weyl semimetals [13] [14] [15] [16] [17] . On the other hand, electronic transport signatures of Fermi arc states of Weyl semimetals have not been well explored theoretically and experimentally [18] [19] [20] [21] . We shall investigate the direct transport signature of inversion symmetry breaking in these topological materials.
In this work, we study the critical currents I c as a function of magnetic field B in a superconductor/inversion symmetry breaking topological material/superconductor Josephson junction as depicted in Fig.1 . The Josephson current of the junction is mediated by the edge states or surface states as well as the bulk states of the topological material. We show that the magnitude of critical current across the junction |I To understand the origin of AJE in topological materials, we first start with a Josephson junction formed by two superconductors and an inversion symmetry breaking two-dimensional (2D) topological insulator with helical edge states. Due to inversion symmetry breaking, the top (blue) and bottom (red) helical edge states have different Fermi velocities as depicted in Fig.2 . In the Josephson junction, the superconductors induce a superconducting gap on the edge states and create Andreev bound states. Due to different Fermi velocities, the Andreev bound state spectrums of the top and bottom edges are different as depicted in Fig.3 . This results in different Josephson current contribution from the top and bottom edges. Furthermore, the magnetic field generates a phase difference between the two Josephson current channels on the two edges and results in AJE. The AJE is manifested by the asymmetric Fraunhofer pattern of the Josephson junction as shown in Fig.2c and Fig.2d .
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As shown in Fig.4 , we show that the Fermi arc states of Weyl semimetals can give rise to pronounced AJE.
AJE in 2D topological insulator with broken inversion symmetry -To start with, we study a superconductor/2D topological insulator/superconductor junction. The 2D topological insulator is described by a square lattice with four orbitals on each site [22] with an additional term which breaks inversion symmetry:
where the Pauli matrices τ 1,2,3 (σ 3 ) and the unit matrix τ 0 (σ 0 ) are defined in the orbital (spin) space, and ψ † k is a four component fermionic operator. M k = m 0 + 2m 1 (2 − cos k x − cos k y ) determines the energy gap of the system with the momentum k x,y and A couples two orbitals. When the Γ term is non-zero, the inversion symmetry is broken. (Fig.2a) , while the Fermi velocities are different if the inversion symmetry is broken with Γ = 0.5 (Fig.2b) . This topological insulator can form a Josephson junction with two superconductors as shown in Fig.1 , where ∆e ±iϕ/2 denotes the pairing order parameter of the superconductors. Fig.2c and Fig.2d depict the critical Josephson current as a function of magnetic flux Φ at the temperature T = ∆/30 by recursive Green's function [23, 24] . Here, we assume that fermion parity is not conserved at the junction so that 4π Josephson effect is absent and this is consistent with the results of a recent experiment [25] .
In the presence of inversion symmetry, the critical Josephson currents are the same in opposite directions, namely, |I
. Surprisingly, when inversion symmetry is broken as shown in Fig.2c and Fig.2d , the critical current across the junction I Fig.2d has been observed recently [25] , but the origin of the effect was not known. In this work, we provide an explanation of the asymmetric Fraunhofer pattern.
To understand the origin of the AJE, we investigate the energy spectrum of Andreev bound states in the Josephson junction. In the presence of inversion symmetry, the energy spectrum has two fold degeneracies, since the top edges and bottom edges have exactly the same spectrum. On the other hand, the energy spectrum of Andreev bound states from the top edges and bottom edges are different in Fig3a, because the two edge states have different Fermi velocities when the inversion symmetry is broken. As a result, the supercurrent from the top edges I 1 and the bottom edges I 2 are different due to the different Andreev bound state spectrums of the two edges. This gives rise to AJE as discussed below.
Phenomenological Theory -In general, the total Josephson current I(Φ, ϕ) carried by the two edges states Fig.2c , which shows the AJE, can be easily reproduced using the phenomenological theory using different I1n and I2n in the presence of magnetic field.
can be described as [24] I(Φ, ϕ) = m n=1 I 1n sin(nϕ + nΦ) + I 2n sin(nϕ − nΦ).
Here, I ln indicates the Josephson current carried by the l edge at nth order, Φ represents the magnetic phase in the normal region and ϕ is the phase difference between two s-wave superconductors. If the top edge current I 1 is the same as the bottom edge current I 2 due to inversion symmetry, we have I 1n = I 2n and the Josephson current can be written as I(Φ, ϕ) = m n=1 (I 1n +I 2n ) cos(nΦ) sin(nϕ). This implies that the Josephson current is always symmetric with respect to the signs of the magnetic field, namely, I(Φ, ϕ) = I(−Φ, ϕ). In general, the top and bottom edges can have different energy spectrums due to inversion symmetry breaking as discussed above. Therefore, the two sets of coefficients I 1n and I 2n can be different.
In Fig.3b , we show that the numerical results of the Josephson current I ± c as a function of flux Φ can be well fitted to phenomenological theory (solid lines). The asymmetric critical Josephson currents are fitted by the I 1n = I 2n and the Josephson currents of two edge states have the different magnitudes, which results from the asymmetric Fermi velocity of the two edge states v F 1 = v F 2 as we discussed above. The consistence between the phenomenological theory and numerical results demonstrates that the AJE originates from the different Fermi velocities of the two sets of edge modes. AJE in Weyl semimetals -Next we show that the Fermi arc states of Weyl semimetal can give rise to pronounced AJE in the a superconductor/Weyl semimetal/superconductor junction. Stacking the twodimensional TI Hamiltonian H T I in z direction, we ob- tain a three-dimensional Weyl semimetal Hamiltonian [27, 28] 
where the Pauli matrices τ 1,2,3 (σ 3 ) and the unit matrix τ 0 (σ 0 ) are defined in the orbital (spin) space, and ψ † k is a four component fermionic operator with momentum k. t z = 1.5 is the hopping energy in z direction and A couples two orbitals in x-y plane. Here M k = m 0 + 2m 1 (2 − cos k x − cos k y ) determines the position of Weyl nodes with m 0 = −0.2. The Weyl nodes are located at (0,0,± arccos(m 0 /t z )), while the inversion symmetry breaking Γ term creates a tilted effect to the Weyl nodes [28] . The Weyl nodes are type-I for Γ < A and become type-II when Γ > A [28, 29] . In general, the projections of the Weyl points on the surface Brillouin zones are connected by Fermi arcs, which result in conducting surface states on the surface of the Weyl semimetal. Because these surface arc states on two opposite surfaces of the Weyl semimetal can have different Fermi velocities when inversion symmetry is broken by Γ. This will give rise to the AJE in the superconductor/Weyl semimetal/superconductor junction in the following.
In Fig.4 , the Josephson current is mediated by both the Fermi arc states on the surface as well as the states near the Weyl nodes in the bulk. In this case, we can find pronounced AJE for type-I Weyl semimetal in Fig.4a , namely, the critical current across the junction I Fig.4a. In Fig.4b , the AJE is also observed for type-II Weyl semimetal, even though there are more Josephson currents carried by the bulk states in type-II Weyl semimetals. Therefore, we conclude that AJE is more pronounced for surface state dominated transport and it can be used as a transport signature for broken inversion symmetry ( or surface and edge states with differing Fermi velocities ) in topological insulators and Weyl semimetals.
Discussion and conclusion-In summary, we uncovered an unusual Josephson effect in the inversion symmetry breaking topological materials. It is found that the magnitude of critical Josephson current across the junction I |. This is in sharp contrast to conventional Josephson junctions. The AJE is a very general phenomenon, which can originate from topologically nontrivial or trivial surface states with differing Fermi velocities. We emphasize that the AJE discussed here is an intrinsic property of the system, which is disctinct from the asymmetric Fraunhofer patterns induced by an external in-plane magnetic field with in-plane component [32] . Interestingly, the AJE shown in Fig.2d qualitatively agree with recently observed asymmetric Fraunhofer pattern in superconductor/quantum spin Hall insulator/superconductor Josephson junction [25] . They found that the critical current violates |I 
